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Abstract. We give a description of a weakly continuous rank preserving map 
on a reflexive algebra on complex Hilbert space with commutative completely 
distributive subspace lattice. We show that the implementation of a rank 
preserving map can be described by the combination of two different types of 
maps. We also show that a rank preserving map can be implemented by only 
one type if the corresponding lattice is irreducible. We present some examples 
of both types of rank preserving map. 



1. PRELIMINARIES 

It has been of special interest to study the hnear maps between two nonself- 
adjoint operator algebras over the last several decades. These maps include isomor- 
phisms, isometries and rank preserving maps etc. In 11 , Ringrose proved that an 
isomorphism between two nest algebras must be spatially implemented by making 
effective use of rank one operators. In Gilfeather and Moore showed that an 
isomorphism acting between two CSL algebras with completely distributive lattices 
need not be spatially or quasi-spatially implemented. But they also showed that 
if an isomorphism preserves the rank of all finite rank operators, then it must be 
quasi-spatially implemented. In [S], Panaia has shown that if 21^ = A\g£,i where 
the 2i are finite distributive subspaces lattices, then every rank preserving alge- 
braic isomorphism of 2li onto 2I2 is quasi-spatial. The characterization of the rank 
preserving maps on nest algebras was done by the Chinese mathematicians, Shu- 
Yun Wei and Sheng-Zhao Hou |12) . Part of their results showed that some rank 
preserving maps $ on a nest algebra can be described as $(T) — ATB* for some 
A,B^ B{H). Use of rank one operators was an integral part of their proof. In 
this paper, we shall describe the rank preserving maps on completely distributive 
commutative subspace lattice algebras (CDCSL algebras). 

In this paper we show that a rank preserving map $ on a completely distributive 
algebra, CDC algebra, with certain condition can be described as ^{A) = UAV* 
for some densely defined linear transformations U and V. 

Let 7i be a complex separable Hilbert space. A subspace lattice £ is a strongly 
closed lattice of orthogonal projections on H, containing and /. If £ is a subspace 
lattice, Alg £ denotes the algebra of all bounded operators on Ti. that leave invariant 
every projection in £. Alg£ is a weakly closed subalgebra of B{H), the algebra 



1991 Mathematics Subject Classification. Primary 47L35, ; Secondary 47A67. 

Key words and phrases. Completely Distributive CSL Algebras, Rank Preserving Maps. 



2 



JAEDEOK KIM AND ROBERT L. MOORE 



of all bounded operators on H. Dually, if 21 is a subalgebra of B{H), then LatSt 
is the lattice of all projections invariant for each operator in 21. An algebra 21 is 
reflexive if 21 = AlgLat2l and a lattice £ is reflexive if £ = Lat Alg£. A lattice is 
a commutative subspace lattice, or CSL, if each pair of projections in £ commute; 
Alg£ is then called a CSL algebra. All lattices in this paper will be commutative. 

In 1 , Arveson showed that every commutative subspace lattice is reflexive. A 
totally ordered (and hence commutative) subspace lattice is a nest and the associ- 
ated algebra is a nest algebra. We use the convention that a subspace is identified 
with the orthogonal projection onto the subspace. Thus £^ C is the same as 
E <F. 

We have two operations between subspaces: meet(A) and join(V). 

Given any family {Ea}a£i of subspaces of a Hilbert space H, AaeiEa denotes 
the greatest subspace contained in each Ea and Vaei^a denotes the smallest sub- 
space containing each Ea- 

We now restrict our attention to a special type of lattice: completely distribu- 
tive lattice. One of the advantages of completely distributive lattices over other 
lattices is the abundance of the rank one operators in the associated algebra; these 
operators will be building blocks in the subsequent discussion. A completely dis- 
tributive lattice is a complete lattice which satisfies distributive laws expressed for 
families of arbitrary cardinality. To be more precise, let £ be a complete lattice and 
/ be an arbitrary index set. For each a £ /, let Jq also be an arbitrary index set, 
and for each /3 £ Jq,, let Epa denote an element of £. 11 will denote the Cartesian 
product of all the Jq,, i.e. the collection of all choice functions ip : I ^ UaeiJa sat- 
isfying ip{a) G Jq, for all a. £ is completely distributive if it satisfies the following 
two identities. 

(1) ^aeii'^peJ^Efia) — Vyen(AQe/-£'v(a)a) 

(2) Vaeii^peJ^Efia) — ^ipen{\^aeiE^(^a)a) 

If £ is completely distributive and commutative, we will call Alg£ a CDC 
algebra. For further discussion about the characteristics of CDC algebra, we need 
to introduce the notion of rank one operators. We will let x ® y* denote the rank 
one operator defined on Tihy {x® y*){f) — (/, y)x. 

There are plenty of rank one operators and finite rank operators in a nest 
algebra. Moreover, these operators have played a central role in the theory of 
nest algebra. However, there are many examples of commutative subspace lattices 
whose corresponding algebras do not contain any rank one operators (6j. But as 
we discussed earlier, the complete distributivity of a lattice guarantees a reasonable 
supply of rank one operators. Furthermore, one of the surprising characteristics of 
the CDC algebra is stated in the following lemma. This lemma is due to Laurie 
and Longstaff |7|. 

Lemma 1.1. Let Z be a commutative completely distributive subspace lattice 
on a separable Hilbert space 7i. Let Rsi denote the linear span of the rank one 
operators in Alg£. Then i?^ is dense in Alg£ in any of the iveak, strong, ultraweak 
or ultrastrong topologies. 

It is an interesting question to ask when x®y* belongs to Alg £. The following 
lemma, due to Longstaff |S], is the answer to this question, and the use of this 
lemma is essential. 
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Lemma 1.2. The operator x (x) f* belongs to Alg£ if and only if there is a 
projection E ^ £, such that x E E and f G E^ . 

Let £ be a subspace lattice. For M e £, define M_ by M_ = \/{N\M N,N & 
£,}. We end this section with a couple of lemmas that will be used repeatedly. 

Lemma 1.3. Let Z he a commutative completely distributive lattice. Then 

W{N\N e £,N^ ^ 1} ^ I 

and 

\/{N^\N e £,iV ^ 0} = / 

Lemma 1.4. Let £, be a subspace lattice and {Ek}^^i be a finite subset of Z. 
Then (VlLi^^fc)- = K=iiEk)- and (A'^^.Ek)- < Al^,{Ek)- 

Proof. It is sufficient to prove that the statements are true in case n = 2. Let 
E and F denote two elements in £. Since E < E V F and F < E \/ F, we have 
E- <{EW F)_ and F^ < {E W F)-. These imply that 

E^V F^ < (£'VF)_. 

On the other hand, if K e {G e £,\G ^ E\J F}, then K e {G e £,\ G ^ E} or 
K e {G e Z\G ^ F}, so K < E^ or K < F^. These imply that K < E^y F^. 
Hence {E V F)_ <E_\JF_. This proves (1). 

Let E and F be two elements in £. Since E A F < E and E A F < F, 
{E AF)_ < E^ and [E AF)_ < F_. Therefore {E A F)^ < E^ A F^. The results 
follow. □ 

Now let's discuss two important types of linear maps on Alg £. 
Definition 1.5. Let £ be a commutative subspace lattice. 

(1) A linear map $ : Alg £ Alg £ is called an isomorphism if $ is a bijection 
and a multiplication preserving map. 

(2) A linear map $ : Alg£ — > Alg£ is called a rank preserving map if 
rank{^{A)) = rank{A) for each finite rank operator A in Alg£. 

The automatic norm continuity of an isomorphism is proved by Gilfeather and 
Moore in ^3... In order to discuss more results about isomorphisms, we need the 
following terminology. An isomorphism $ is said to be spatially implemented if 
there is a bounded invertible operator T on 7i so that ^{A) — TAT~^ for all 
A G Alg(£). An isomorphism is said to be quasi- spatially implemented if there is a 
one-to-one operator with dense domain V so that ^{A)Tf = TAf for all A e Alg C 
and for all / G P. 

The following theorem characterizes isomorphisms of CSL algebras. The theo- 
rem is due to Gilfeather and Moore [5]. 

Theorem 1.6. Let £i and £2 be commutative subspace lattices on Hilbert spaces 
Til and Ti.2, respectively, and let £1 be completely distributive. Let p : Alg£i — > 
Alg £2. be an algebraic isomorphism. The followings are equivalent. 

(1) p is quasi- spatially implemented by a closed, infective linear transforma- 
tion T : Hi H2 whose range and domain are dense. 

(2) p is a rank-preserving map. 

The weak continuity of a rank preserving map $ will be used in the proof of 
the main Theorem. However, we set the assumption that each rank preserving map 
$ is weakly continuous from this early stage to avoid any misunderstanding. 
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2. RANK PRESERVING LINEAR MAPS 

Wc begin with a lemma which wiU play a key role in our result. For notational 
convenience, wc will let a ~ 6 represent the linear dependency of two nonzero 
vectors a, b in H. It can be easily verified that a ~ 6 is an equivalence relation. 

Suppose £ is a commutative subspace lattice and $ is a rank preserving map 
from Alg£ to Alg£. Let N be an element in £ with dim TV > 2, dimA^^ > 2. 
Let a;, y be any two linearly independent vectors in N and /, g be any two linearly 
independent vectors in . Then we can form four different rank one operators in 
Alg£ as follows: f*,y® f*,x® g*,y<S) g* ■ 

Since $ is a rank preserving map on Alg £, we can consider another four rank 
one operators in Alg £ which are images of each of the four rank one operators and 



write them as follows. 

$(a;(g)/*) = uOt;* {A) 

^{y®n=P®1* {B) 

^{x ® g*) ^ w ® z* (C) 

^{y®g*)^r®s* {D) 



Lemma 2.1. (Four Vectors Lemma) Let Z be a commutative subspace lattice 
and ^ be a rank preserving map on Alg£. Let N be a subspace in £ with dim > 
2, dimiVi: > 2. If we consider the eight rank one operators described above, then 
either (1) or (2) holds for all x,y G N and f,g& N^. 

(1) u ^ w,v q,p ^ r andz ^ s 

(2) u 0, u p, w ~ r and q r 

Proof. Let's consider the following six equalities which are obtained by adding 

two of (^),(B),(C) and{D). 

{A) + (C) : ^{x ® (/ + g)*) =u(g>v* +w(giz* 
{A.) + {B) : ^{{x + y)i»f*) = ui^v* +p®q* 

(B) + (D) : ® (/ + g)*) = p (g) q* + r (g) s* 

(C) + {D} : ^{{x + y)(g)g*) = w(gz* + r0s* 

(A) + [D) ■.^{x(E) f* +y®g*)=u®v* +r®s* 

[B) + (C) : ® g* +y® /*) =p®q* +w®z* 

Since x ® {f + g)* is a rank one operator and $ is a rank preserving map, 
u^v* + w^z* is also a rank one operator. This fact implies either u ~ w or t; ~ 
Similarly we can argue that either u ^ p or v ^ q is true by the equality (A) + (B), 
either p ~ r or g ~ s is true by the equality (B) + (D) and w ~ r or z ~ s is 
true by the fourth equality (C) + (D). Apart from the first four equalities, the map 
$ maps a rank two operator into a rank two operator in the equality (A) + {D) 
and(i?) + (C), which gives the following results 

u oo r^v s,p w and q oo z. 

Case 1: Now let's suppose m ~ w is true. Then it is easily deduced that v ^ q. 
Otherwise it ^ p is true implying w p, which contradicts the relation w '><' p. 
Similarly, we can show that p ^ r, z ^ s are true, so the result follows. 
Case 2: Suppose w ~ z. The proof of this case is almost identical to the proof of 
Case 1. □ 

Remark 2.2. If we assume that Case 1 holds, then u o'' p. 
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If we consider the case dimA^ = 1 and dim > 2, we have the following two 
equalities. 

<S>{x(g> D = u®v* (E) 

<P{x g*) ^ p q* (F) 

where x £ N and /, g are two linearly independent vectors in . The following 
lemma is analogous to Lemma [2 .11 for this case. 

Lemma 2.3. Let Z be a commutative subspace lattice and ^ be a rank preserving 
map on Alg£. Let N be a subspace in Alg£ with dimiV = 1 and dimA'^i" > 2. // 
we consider the two equalities described above, then either (1) or (2) holds for all 
X e N and f,g e N^. 

(1) u ^ p, V q 

(2) u p, V ^ q 

Proof. By adding the two equalities, the following equality is obtained. 

{E) + (F) : ^{x (E>{f + g)*) ^u^v* +p(g)q* 

From the fact that $ maps a rank one operator into a rank one operator, it 
can be easily deduced that cither u ^ p or v q is true. Suppose u ^ p and 
V ^ q. Then there exist A,7 G C such that \u ® v* + ^p ® q* = 0. Therefore 
^{x ® (A/ + 7g)*) = Aii (g) + 7p (g) g* =0 which is a contradiction that $ maps a 
rank one operator into a rank zero operator, so the result follows. □ 

The next lemma states a different version of Lemma IT^ for the case dim > 2 
and dim = 1 . The proof of this lemma is almost same as the proof of Lemma 

Lemma 2.4. Let Z be a commutative subspace lattice and ^ be a rank preserving 
map on Alg£. Let N be a subspace in Alg£ with dimiV > 2 and dimA'^,:': = 1. If 
we consider the following two equalities, 

=M®t;* (G) 

where x,y are two linearly independent vectors in N and f G A^:':, then one of the 
following holds. 

(1) u ^ p, V no q 

(2) u oo q^ V q 

With these three lemmas in hand, we now can show the following important 
result. 

Lemma 2.5. Let Z be a commutative subspace lattice and ^ be a rank preserving 
map on Alg£. Let N be a nonzero element in £, with ^ I. Then at least one 
of the following holds. 

(1) There exist a linear map U from N to TC and a linear map V from N:^ 
to n such that $(a; ® /*) = U{x) ® V{f )* for all x e N and f e N^. 

(2) There exist a conjugate linear map U from to TC and a conjugate 
linear map V from N to H such that ^{x (g) /*) = U{f) V{x)* for all 
X e N and f £ N^. 
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Proof. Suppose (1) holds for all x,y e N and f,g e in Lemma EH 
Lemma [2 .HI and Lemma [2.41 

Case 1: Suppose that diniA^ = 1 and dimA^i^ ^ i pix e N,fi e iVf . Set 
^{xi (g) fl) = Ml w*. For any x G N,f G N^, there exist A,7 G C such that 
X = Axi, / = 7/1. If we define U : N ^ H and V : N;^ H hy U{x) = \ui and 
V{f) = "fvi, then these maps are clearly well defined linear maps. However, if we 
define U : N ^ TL and V : — » H by U{x) = Xvi and V{f) = -fui, these maps 
are also well defined linear maps. Therefore both conclusions (f) and (2) hold in 
this special case. 

Case 2: Suppose that dim = I and dim A^J: > 2. Fix xi G A^. It follows from 
Lemma [2.31 (I) that it is possible to to define a map V on N;^ by (S> /*) — 
Ui ® V{f). For any f,g^ N^, f G C, since $ is linear, 

^(xi ® (/ + tg)*) = ^xi /*) + (tg)*) 
= uiC^Vif)* +tui(S)V{gy. 

From the definition of V, ^{xi ® (/ + tg)*) = ui ® V{f + tg)*. By comparing 
the two equalities, we see the map V : ^ 7i is a linear map on N^. 

For any x G N, there exists A G C such that x = Xxi. Now we can define a 
linear map U : N ^ TC hy U{x) — Xui. Therefore the conclusion (I) holds with 
this assumption. Likewise, the conclusion (2) follows if we assume (2) in Lemma 
12.31 is true. 

Case 3: Suppose that dimA^ > 2 and dimA^:': = 1. The proof of this case is 
almost identical to the proof of case 2. 

Case 4: Let's fix xi G A^. By Lemma [2. 11 (1). we can define a map V from 
to H by (g) /*) = Ml ® V{f)*. For any /, g G A^f, t G C, since $ is linear, 

$(xi ® (/ + tg)*) = <Pixi /*) + <P{xi (tg)*) 
= ui(E)V{f)* +tui®V{g)*. 

From the definition of V, ^{xi ® (/ + tg)*) — ui (g) V{f + tg)*. By comparing 
the two equalities, we see the map is a linear map on A^^. Likewise, we can 
define a linear map U from A^ to H by ^{x ® fi*) = U(x) (g) vi* for some fixed 
fi,vi G . By considering 

(g) fi*) = U{xi)(g)vi* 
= ui(g>Vifi)* 

= Ml ® Ml*, 

we can make an observation that U{xi) — ui and V{fi) — vi. Now for any 
X G N, f G N^, we may write ^{x /*) as follows. 

^x<»n = a{xJ)U{x)<E)V(f)* 

where a{x, f) is a complex valued function. 

We claim that a{x, /) = f for all x and /. Note that $(a;i ® /*) — a{xi, f)ui g) 
V{f)* = Ml (8) V{f)* , so a{xi, f) — I for any / G A^^. Similarly, we observe that 
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a{x, /i) = 1 for any x £ N. Consider 

$((2; + sx') ® /*) = a{x + sx', f){U{x + sx') ® V{f)*) 

= a{x + sx', f)[{U{x) + sU{x')) ® V{f)*] 

= a{x + sx', f)U{x) V{fy + sa{x + sx' , f)U{x') ® V{f)* 

where x and x' are linearly independent vectors in N. 
On the other hand, 

(l){{x + sx') ® /*) = $(x ® /*) + s<S>{x' /*) 

= a(x, ® + sa(a;', /)C/(a;') ® 

We get the following equality by comparing the two equalities above: 

a{x + sx' , f)U{x) + sa{x + sx' , f)U{x') — a{x, f)U{x) + sa{x' , f)U(x') 

for all s £ C. Since U{x) and U{x') are linearly independent, a{x,f) — a{x + 
sx' , f) — a{x',f). Hence, a is independent of x. Likewise we can show that a is 
independent of /. Therefore a = 1. The result follows. □ 

What Lemma f2. 51 savs is that whether a given subspace N satisfies (1) or (2) 
in the lemma is a characteristic of the subspace which is associated with the rank 
preserving map <i>. 

Definition 2.6. Let £ be a commutative subspace lattice and $ be a rank 
preserving map on Alg£. Let be a nonzero subspace in Alg£. The subspace 
N is called consistent with respect io $ if $ and N satisfy (1) in Lemma 12.51 The 
subspace N is called twisted with respect to $ if (f> and N satisfy (2) in Lemma 1??^ 

In a nest algebra, it is impossible that both N and N-^ are in a nest TV (a 
totally ordered lattice) if ^ and N ^ I. But a commutative subspace lattice 
£ can have A^ and A^^ both in it with the assumption A^ ^ and A^ 7^ /. If there 
exists a subspace A^ G £ with A^_ ^ / such that dimA^ = 1 and A^-'- G £, then 

^ V{E e £\E ^ N} > since A^-^ G £ and A^-^ ^ A^. Hence A^f < A^. 
Since A^_ 7^ /, A^^ — N. Case 1 in the proof of Lemma f2 . 51 shows that such A^ is 
both consistent and twisted with respect to $. 

Definition 2.7. A nonzero subspace A^ in £ with dimA^ — 1 and A^^ G £ is 
called isolated. 

Lemma 2.8. Let ^ be a rank preserving map on Alg£ and N be a subspace in 
£. Then N is isolated if and only if N is both consistent and twisted with respect 
to $. 

Proof. It suffices to prove sufficiency. Suppose A^ is both consistent and 
twisted with respect to $. Then there exist linear maps Ui, V2 defined on A^, and 
U2 , Vi defined on A^:': so that 

$(x r ) = Uix {Vifr = U2f ® {V2X)* 

$(2/ /*) = Uiy (Vif)* = U2f (F22/)* 
for arbitrary x,y G N and / G A^^. It can be observed that Uix ~ C/2/ and 
1/2/ ~ Uiy, so Uix ~ Uiy. Since the map Ui can not have nonzero kernel, x ^ y. 
Using the same idea as this with x G N and f,g€ N^, we can argue that f ^ g. 
These facts imply that dim A^ = dim A^^ — 1. Observe that if a; G A^, x x* is the 
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projection on N since dimiV ~ 1, so x (S) x* & Alg£. Therefore, x e N^. Then 
iV = A^f . Thus N is isolated. □ 

Lemma 2.9. Let M and N he two subspaces in £ with N < M . Let ^ be a 
rank preserving map on Alg£. Then the foUowings are true. 

(1) Lf M is consistent with respect to $, then N is also consistent with respect 
to 

(2) If M is twisted with respect to $, then N is also twisted with respect to $. 

Proof. First, let M be a consistent element in £ with respect to Without 
loss of generality, we assume dimiV > 2. Suppose that N is twisted with respect 
to $. Let Um,Vm and Un,Vn denote the two maps in lemma defined on M 
and N , respectively. By the assumption, we can choose two linearly independent 
vectors x,y € N and a vector / S M^. Note that > since N < M. Since 
M is consistent with respect to $ and N is twisted with respect to we have 

® /*) = Umx ® {VMfT = UnI ® {Vnx)* 
® /*) = UmV ® iVMf)* = UnI ® iVNy)*. 
Then there exist two complex numbers A and 7 such that Umx = XUnJ and 
UmU = iUnJ- But this contradicts the fact that Umx and UmV are linearly 
independent by Lemma ITTl so the result (1) follows. The proof of (2) is essentially 
the same as the proof of (1). □ 

Lemma 2.10. Let ^ be a rank preserving map on Alg£. Let M and N be two 
non-zero, non-isolated subspaces in £ with M_ ^ I. If M is consistent with respect 
to $, and N is twisted with respect to $, then 

M AN = 

and 

AN^ = 0. 

Proof. Suppose M A 7^ 0. Then M A is a non-zero subspace of M and 
N. By Lemma EHl M A TV is isolated, so M A iV = {M A N)^ = (e) for some 
e e M A N. By Lemma ITU we have (M A iV)_ < A iV_. It follows that 
(M A 7V)f > V TVf . Thus Mi = = (M A N)^ = (e). On the other hand, 
we have > N since N ^ M,so (e) = < N-^. Therefore iV A A^-^ > (e) 7^ 
which gives a contradiction. Thus 

M AN = 0. 

Observe that M V A^ is neither consistent nor twisted with respect to $ by 
Lemma This implies (M V Af)_ = / by Lemma EH Therefore 

AN^ = (M_ V Ar_)-L = {M V N)^ = 0. 

□ 

Theorem 2.11. Let £, be a completely distributive commutative subspace lattice 
and ^ be a rank preserving map on Alg £. Let 

Mi = V{E e £ I is isolated}, 

Mc = \/{E E £,\E is consistent with respect <o$} Mi 

and 

Mt = V{i? e 2\Eis twisted with respect to $ } e Mi. 
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Then 

Alg£ = A\g{M,£,Mi) © Alg(Mc£Mc) © A\g{Mt£,Mt). 

Proof. By Lemma ITTUl it is clear that © © Mt = /. Since e £, 
Mc,Mt G £. Note that il^-^ = V Aft. Hence G £. Likewise, M^^ e £. The 
resuh follows. □ 

Remember that the operators U and V were constructed with the subspace N 
fixed. We now refer to them as Un and Vn and try to fit together the C/at's and 
Vn^s into operators U and V defined on the whole space H such that 

$(a;® /*) = C/x© (y/)* 

whenever a; © /* G Alg £. Note that if M_ 7^ /, if M < A'', and if a; G M and 
/ G A^i:, then x G A^ and © /*) = (Unx) © (VW/)*. On the other hand, 
/ G Af < M^, so $(2: © /*) = (J/ms;) © (Va.//)*. Thus there exists a complex 
number A such that Umx — XUnx and Vat/ = XVmI- Since x and / may vary 
independently, A does not depend on x and / but only on M and A^. We call it 
Xmn and have 

Um = \mnUn\M and Vn = \mnVm\N^. 
Let ^ be the collection of all subspaces A^ in £ such that N and A'_ 7^ 7. 

Remark 2.12. In the remainder of this paper we assume that every subspace 
in ^ is consistent with respect to $. 

Suppose that AI and A^ lie in g". We will say that M and A^ are comparable if 
either M < A or A < M. Suppose M and A' are comparable. If M < A, Xmn 
has already been defined. If A < M, define 

Xmn = T ■ 

A AT A / 

Thus Xmn is defined whenever M and A^ are comparable, and it is easy to check 
that Xj^jsj = Xj^M^MN whenever each pair from {L, Af, A} is comparable. 

Definition 2.13. Let M and A^ be two subspaces in ^. We define a chain 
from M to A^ to be a finite sequence of subspaces {Mq, Mi, Af„}, each Mk in ^, 
such that Mq = M, Mn = A, and such that Mk is comparable to Mk+i for each 
A: = 0, 1, n — 1. 

If M = A, the chain {Mq, Mi, Af„} is called a cycle of length n. 

Suppose M, N G d-^i there is a chain {Afo, Mi, ...,Mn} from AI to N, we want 
to define Aa^at to be Aa^a^i AAfiAf2 ' ' ' Aa/„_2M„_i AAf„_iAr- Since there may be more 
than one chain from M to N, we need to show that such a product is well defined. 
The following lemma will prove this. An elaborate proof of the lemma can be found 
in El. 

Lemma 2.14. Let {Mq,Mi, Af„} be a cycle in ^. Then 

XmoMiXmiM2 • • • AAf„_2A/„_i AAf„_iA/„ — 1- 

By making use of the Lemma 12.141 we can now show that 

Xmn = XmmiXmiM2 ■ ■ • Aa/„_2M„_i AA/„_iAf 
is well defined if there is a chain {Afo, Mi, A/„} from AI to N . 
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Suppose that there are two chains {Mq, Afi, A/2, A/„_2, A/n-i, Af„} and 
{Mo, M[,M^, ...,M^_2,M^_^,Mn} from M to N. We now form a cycle 

{M, Ml, M„_i, iV, M;_i, M[,M}. 

By applying Lemma r2.14l to this cycle, it follows that 

Aj\/A/i • • • ^Mr,-iN^NM^_-^ ■ ■ ■ ^M[M = 1- 

From this equation we get, 

Ama/i • • • AAf„_jjv = T ^ = ^mm: ■ ■ ■ Am' at- 

^AA/4_j • • • ^M[M 

This shows that \mn is well defined. 

Recall that denotes the collection of all A'^ in £ such that N and 7V_ 7^ /. 
Fix iV e £ and let 

® A — {^'^ G d \ M can be connected to by a chain of length k < n}. 

Let ©TV = ^n&N- 

Lemma 2.15. Let N Cz Then there exist linear transformations U with dense 
domain in V{M | M £ G3a} o^nd V with dense domain in \/{A4^ \ M G &n} such 
that ^{x (g) /*) = Ux ® (Vf)* whenever there is M G &n for which x £ M and 

feM^. 

Proof. For M G <3n, we have associated operators Um and Vm such that 

Mx®f*)^UMX®{VMfy, 

whenever x £ M and / G M^. Let Um = ^nmUm and Vm = ^mnVm- Since 
^MN^NM = 1, we have $(a; ® /*) = Umx ® (VMf)* for x e M and / G Mf . Note 
that for L, M G ©jv with L < M, if {N, Ni, iV„_i, M} is a chain from N to M, 
then {N,Ni, Nn-i, M, L} is a chain from N to L. Therefore Xnl = ^nm^ml- 
Thus, if X G £, we have Ulx = XnlUlx = Xnm^mlUlx. On the other hand, 
by definition of Xlm we have Ulx = XlmUmx, so Ulx = X^mXmlXlmUmx = 
XnmUmx = Umx. Thus, if L < M, Ul and [/a/ agree on L. Let 7W = {xi + 
■ ■ ■ -\- Xn \ for some positive integers , Xi G M for someM G ©a}- Define a linear 
transformation U on by U\M = Um- By the coherence of the Um, the map 
U is well defined. Similarly, we can define V\M^ = Va/- If x G A/, / G for 
M G ©AT, then we have ^{x ® /*) = J/a; » {V f)* . □ 

Lemma 2.16. for each N e^, MGn = V{A/ \M G ©at} oTidFAr = V{A/f | Af G 
©jv}. LetN,N' G 3-. 

(1) // A^' G ©jv, then Gn = Gn' and Fn = Fn' 

(2) IfN' then Gn 1- Gn' and Fn -L Fn' 

Proof. Suppose that A^' G ©jv- Note that if there exists a chain connecting 
A^ to A^' and one connecting A^' to M, then there is a chain connecting A^ to A/, 
whence ©^v = ©a'- Thus Gat — Gn' and Fn — Fn' ■ Suppose that A^' ^ ©w; 
then, for any M' G ©w, Af ^ ©at. For such an M', consider the projection A^Af . 
If A^M' ^ 0, then A^M' G ©Arn©Af' = ©a/' n©Ar- Since this is impossible, it must 
be that NM' = 0. Likewise, if Af G ©a^, MA/' = and hence GnGn' =0. □ 
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Theorem 2.17. Let £, be a completely distributive commutative subspace lattice 
and let ^ be a weakly continuous rank preserving map defined on Alg£. // we 
assume that ^ — <&n for some N d ^ (i.e. Alg£ is irreducible.), then there exist 
two densely defined linear transformations U, V such that 

= UAV* 

for all A e Alg£. 

Proof. By Lemma [2 .151 there exist densely defined maps U and V such that 
^{x ® /*) ^Ux(g) (Vf)* whenever x(E) f* € Alg£. Since ^ =0n for some N e^, 
the domain of U is the nonclosed Hnear span of = {E S £ | i?_ 7^ /} and the 
domain of V is the nonclosed Hnear span of {Mf I M e 5-}. By Lemma [Ql these 
domains are dense in H. Recah that i?£ denote the hnear span of the rank one 
operators in Alg£. Therefore, for any operator A e i?£, ^{A) = UAV* by the 
hnearity of $. By Lemma Fl. II in CDC algebra it is guaranteed that there exists a 
net of operators in i?r; weakly converging to any operator in Alg £,. Let A be an 
operator in Alg£. Then there exists a net {Aa}aeJ such that Aa converges weakly 
to A. For each h e domV* and k e domJJ*, 

{UAaV*h,k) = {Aa,V*h,U*k) 

{AV*h, U*k) since Aq, weakly converges ioA 
= {UAV*h,k). 

Thus 

= UAaV* UAV*. 

On the other hand, $(^q) converges weakly to ^(A) since $ is weakly continuous. 
Thus = UAV* for A e Alg£. 

□ 

Now we are finally in a position to state and prove the main result of this paper. 

Theorem 2.18. Let £, be a completely distributive commutative subspace lattice 
and let ^ be a weakly continuous rank preserving map defined on Alg£. // we 
assume that every subspace is consistent with respect to then there exist two 
densely defined linear transformations U, V such that 

$(^) = UAV* 

for all A e Alg£. 

Proof. Let N ^ ^ and consider the collection ©at. li @n = ^, then this 
is nothing but the case of Proposition 12.171 Suppose there exists Msg' with 
M ^ (8n such that GnGm — GmGn — 0. In this way we can form a sequence 
{GNi} of mutually orthogonal projections in £. We shall suppress the N and 
write simply Gi. The separability of Ti. guarantees that there are no more than 
countably many G^'s. We have VGi = I since V{7V : N £ ^} = I, whence 
Gj- = Wi^jGi is also in £. Therefore, the algebra Alg£ can be written as the 
direct sum © Alg(Gi£G'i). For any A E Alg£, we can write A = J^i where 
Ai G Alg(Gi£Gi). By Proposition 12 . 1 71 there exist two densely defined linear maps 
Ui and Vi such that ^{Ai) — UiAiV* for each i. If we define U = and 
V — X^i then U and V are densely defined on H. Then the result follows. □ 
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Corollary. Let Ti he a finite dimensional Hilhert space and let £ be a commu- 
tative subspace lattice consisting of subspaces in Ti. Let ^ be a rank preserving map 
on Alg£. If we assume that every element in £ is consistent with respect to $ , then 
there exists a map 5* defined by ^{A) = A^~^(I) such that \l/o$ is an isomorphism 
on Alg £. 

Proof. By Main Theorem, there are two linear maps U and V such that 
^{A) = UAV*. Since H is finite dimensional, it is true that $(/) = UV* is 
invertible. Therefore = A<^-^{I) = A{UV*)-'^ is a well defined map. Then 

(*o$)(A) = $(A)(F*)-iC/-i 

= UAV*{V*)-'^U^'^ 
= UAU^^ 

Thus ^ o $ is an isomorphism implemented by U. □ 

3. EXAMPLES 

In this section we present some examples of rank preserving maps. Most of the 
examples we discuss in this section will be either A2n or ■ The precise definition 
of these algebras is given in 2 . But for our discussion it is enough to say that the 
algebras A2n are tridiagonal matrices, of size 2n x 2n, of the form 

* * * 
* 

* * * 

where all nonstarred entries are 0. It can be observed that the associated lattice 
consists of certain diagonal projections, hence it is commutative and completely 
distributive. Thus the algebra A2n is reflexive. The algebra Aoo consists of infinite 
matrices of the form 

* * * 

Once again the associated lattice is commutative and completely distributive, 
so the algebra is reflexive. 
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Example 3.1. Consider Aa. Define a map $i : ^ A4 by 



9 
h 




Then it is easy to check that $1 is rank preserving, 
implemented by 



Moreover, the map $1 is 



U 



In other words, the map $1 is an isomorphism such that 

^i{A) = UAU-'^. 
If we define a map $2 : .^4 ^ ^ by 

b h 



f 
e 
d 




then $2 is also a rank preserving map. But the map $2 is not an isomorphism. 
Instead, we can write the map $2 as 

$2(A) = VA'^V-^ 



where 



V 



Example 3.2. Let 7-^ be a separable Hilbcrt space and B = {ek}kLi ^'^'^ an 



orthonormal basis for H. Lot A/" = {0, [ei] 
nest and the corresponding nest algebra is 



AlgJ\f: 



[ei, 62], [ei, 62, 63], ....}. Then TV is a 



* 


* 


* 


* 


* 





* 


* 












* 


* 


* 













* ■ • 














* • • 



Let S denote the unilateral shift operator such that Sck 
AlgA/" — > AlgM by = SAS*, then 



Cfe+l- 



If we define 





an 


ai2 


ai3 


ai4 


ai5 • • • 




"0 



















022 


023 


024 


a25 • • • 







an 


ai2 


ai3 


ai4 


$ : 








033 


034 


035 • • • 










022 


023 


024 











044 


a45 • • • 


1 — > 











033 


034 
















155 • ■■ 
















O44 
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From this fact we can observe that $ is a rank preserving map on AlgA/" but it is 
not an onto map. 

Example 3.3. Consider the algebra which is described at the beginning 

of Section 3. Let £ be the lattice associated with Aoo- We can easily argue that 
for any M,N & £,, &m = Therefore Aoo is irreducible. Let $ be a map on 

Aoo defined by 



Then it is obvious that the map $ : Aoo ^ Aoo preserves rank and it can also be 
observed that the map $ is implemented by an unbounded operator 



a 


b 
















a 



















c 



















c 
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e 


/ 













¥ 


e 



















9 



















9 

















h 


i 


3 













4" 


i 





u 



In other words, 
for all A e Alg£. 



^{A) = UAU-'^ 
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